In an earlier study we discussed the existence of quasiharmonic functions, i.e., solutions of Δn = 1. We showed, in particular, that there exist Dirichlet finite quasiharmonic functions on the Poincare 3-ball B a :{\x\ <l,ds = (l-\x\ 2 ) a \dx\} if and only if αe(-3/5,1). We now ask: Is the existence of these functions entailed by that of Dirichlet biharmonic functions? This is known to be the case for dimension 2. We shall show that, perhaps somewhat unexpectedly, it is no longer true for dimension 3.
For preparation we first solve the problem, of significance in its own right, of the existence of Dirichlet finite biharmonic functions. In the notation of No. 1 below, we give the complete characterization
The problem also offers considerable technical interest, as the generating harmonic functions can not be presented in a closed form, but only by means of expansions at the regular singular point of the related differential equation. This makes the estimates somewhat delicate. Also, the four cases a ;> 1, αe ( -3/5,1), a < -3/5, and a --3/5 must be treated separately, each with its own approach.
To deduce the above result (Theorem 1), we first expand a harmonic function on B a in terms of spherical harmonics with respect to our non-Euclidean metric (Theorem 2). As important applications of Theorem 1 to the classification theory we obtain a decomposition of the totality of Riemannian 3-manίfolds into three disjoint nonempty subclasses induced by O QD 
We shall denote the solution of equation (2) for each n by Mr). Since all coefficients in (2) can be expanded into power series of r, the point 0 is a regular singular point of the equation. Thus there exists at least one solution of (2) 
To determine p n we equate to 0 the coefficient of r Pn and obtain the indicial equation
which gives p % -n or p n --(n + 1). Since OeB ff , p n can not be negative, and therefore p n -n.
We then equate to 0 the coefficient 2(n + l)c nl of r Pn+1 and obtain Cm = 0.
To find c Λi , i ^ 2, we equate to 0 the coefficient of r Pn+ί :
On letting p w = ^ and c %0 = 1 we have The limit of / Λ (r) = ΣΓ=o <V2*T %+2i as r -> 1 exists since the e u , 2ί are of constant sign as soon as i is sufficiently large. Furthermore, this limit can not be zero, for otherwise lim,^/ Λ S nw = 0, and consequently f n Ξ 0, contrary to c n0 = 1. In a similar fashion we see that f n (r) Φ 0 for 0 < r < 1. Hence for arbitrary but fixed r 0 , 0 < r 0 < 1, there exist constants a nm such that a nm f n (r 0 )S nm = ώ %m (r 0 )S %m , and
is a series of functions harmonic on B a which converges absolutely and uniformly to Λ(r 0 , θ) on the 2-sphere of radius r 0 . Now let n < ^' < 1; then by the same argument there exist constants a' nm such that
converges to h on the ball of radius r\ Hence (6) and (7) 3* After this preparation, we proceed with the proof of Theorem 1. An essential aspect of the proof is that the cases α^l,αe (-3/5,1), a < -3/5, and a = -3/5 all require a different treatment.
We first establish the following crucial estimate:
Proof. By 
Jo
On the other hand, D{φ)
5* Denote by Q the class of quasiharmonic functions u, characterized by Δ λ v, = 1. We recall (Sario-Wang [9] For a = -3/5, we have D{φ n ) < const ΣΓi~2> which stays bounded as w-*co whereas [ {h, φ n ) \ -* oo. Thus (11) is violated, and we conclude that B_3/5 G 0^.
The proof of Theorem 1 is herewith complete. We shall return to the classification of higher dimensional Riemannian manifolds in further studies.
We are indebted to Mr. Dennis Hada, who preused the manuscript and made his valued comments.
